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Abstract We analyze the coupled quintessence in the light
of the linear dynamical systems theory, with two different
interactions: i) proportional to the energy density of the dark
energy and ii) proportional to the sum of the energy densi-
ties of the dark matter and dark energy. The results presented
here enlarge the previous analyses in the literature, wherein
the interaction has been only proportional to the energy den-
sity of the dark matter. In the first case it is possible to get
the well-known sequence of cosmological eras. For the sec-
ond interaction only the radiation and the dark energy era
can be described by the fixed points. Therefore, from the
point-of-view of the dynamical system theory, the interac-
tion proportional to the sum of the energy densities of the
dark matter and dark energy does not describe the universe
we live in.
1 Introduction
Sixty eight percent of our universe [1] consists of a still mys-
terious component called “dark energy” (DE), which is be-
lieved to be responsible for the present acceleration of the
universe [2, 3]. In addition to ordinary matter, the remain-
ing 27% of the energy content of the universe is a form of
matter that interacts in principle only gravitationally, known
as dark matter (DM). Among a wide range of alternatives
for the dark energy, which includes the cosmological con-
stant, scalar or vector fields [4–16], holographic dark energy
[17–29], metastable dark energy [30–34], modifications of
gravity and different kinds of cosmological fluids [35–41],
the usage of a canonical scalar field, called “quintessence”,
is a viable candidate [42–46].
In addition, the two components of the dark sector may
interact with each other [21–24, 39, 47–59] (see [60] for a
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review) and the interaction can eventually alleviate the coin-
cidence problem [61, 62].
When a scalar field is in the presence of a barotropic
fluid (with equation of state wm = pm/ρm, where pm is the
pressure and ρm is the energy density of the fluid) the rele-
vant evolution equations can be converted into an autonomous
system. Such approach is a good tool to analyze asymptotic
states of cosmological models and it has been done for un-
coupled dark energy (quintessence, tachyon field, phantom
field and vector dark energy, for instance [63–70]) and cou-
pled dark energy [48, 54, 71–76]. The coupling assumed for
the quintessence field has been proportional to the energy
density of the dark matter ρm. However, there are other pos-
sibilities as for instance the coupling proportional to the en-
ergy density of the dark energy ρφ or the sum of the two
energy densities ρm+ρφ . Similar kernels have been widely
studied in the literature [77–84]. In particular, the dark en-
ergy evolution at high redshifts measured by the BOSS-SDSS
Collaboration [85] shows a deviation from the cosmological
constant which can be explained assuming interacting dark
energy models [86].
A dynamical analysis remained to be done for these two
kernels. In this paper we use the linear dynamical systems
theory to investigate the critical points that come from the
evolution equations for the quintessence, assuming the in-
teraction between DE and DM proportional to i) ρφ and ii)
ρφ +ρm. We found that in the case i) there are fixed points
that can describe the sequence of three cosmological eras. In
the second case either radiation era or dark energy era can be
described by fixed points, but the matter-dominated universe
is absent.
The remainder of this paper is structured as follows. In
Sect. 2 we present the basics of the interacting dark energy
and the dynamical analysis theory. The quintessence dynam-
ics is presented in Sect. 3 and the dynamical system theory
is used to study the coupled quintessence in Sect. 4, wherein
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2the critical points are shown. We summarize our results in
Sect. 5. We use Planck units (h¯ = c =Mpl = 1) throughout
the text.
2 Interacting dark energy and dynamical analysis
We consider that dark energy is described by a scalar field
with energy density ρφ and pressure pφ , and with an equa-
tion of state given by wφ = pφ/ρφ . We assume that the scalar
field is coupled with dark matter, in such a way that to-
tal energy-momentum tensor is still conserved. In the flat
Friedmann–Lemaître–Robertson–Walker (FLRW) background
with a scale factor a, the continuity equations for both com-
ponents and for radiation are
ρ˙φ +3H(ρφ + pφ ) =−Q, (1)
ρ˙m+3Hρm =Q, (2)
ρ˙r+4Hρr = 0, (3)
respectively, whereH = a˙/a is the Hubble rate,Q is the cou-
pling and the dot is a derivative with respect to the cosmic
time t. The indices m and r stand for matter and radiation,
respectively.1 The case ofQ> 0 corresponds to dark energy
transformation into dark matter, whileQ< 0 is the transfor-
mation in the opposite direction. In principle, the coupling
can depend on several variablesQ =Q(ρm,ρφ , φ˙ ,H, t, . . .),
so we assume for the quintessence the coupling is i) Q =
Qρφ φ˙ and ii)Q = Q(ρφ +ρm)φ˙ , where Q is a positive con-
stant. The case with negative Q is the same as the case with
Q > 0 but with negative fixed point x, described in the next
section by φ˙√
6H
(11).
To deal with the dynamics of the system, we will de-
fine dimensionless variables. The new variables are going to
characterize a system of differential equations in the form
X ′ = f [X ], (4)
where X is a column vector of dimensionless variables and
the prime is the derivative with respect to loga, where we set
the present scale factor a0 to be one. The critical points Xc
are those ones that satisfy X ′ = 0. In order to study stability
of the fixed points we consider linear perturbationsU around
them, thus X =Xc+U . At the critical point the perturbations
U satisfy the following equation
U ′ =JU, (5)
where J is the Jacobian matrix. The stability around the
fixed points depends on the nature of the eigenvalues (µ) of
J , in such a way that they are stable points if they all have
1We could be more economic if we had written the matter and radiation
equations in a joint form, as a general barotropic fluid with equation of
state wb. The results would be, of course, unchanged.
negative values, unstable points if they all have positive val-
ues and saddle points if at least one eigenvalue has positive
(or negative) value, while the other ones have opposite sign.
In addition, if any eigenvalue is a complex number, the fixed
point can be stable (Re µ < 0) or unstable (Re µ > 0) spiral,
due to the oscillatory behavior of its imaginary part.
3 Quintessence dynamics
The scalar field φ is described by the Lagrangian
L =−√−g
(
1
2
∂ µφ∂µφ +V (φ)
)
, (6)
where V (φ) is the scalar potential given by V (φ) =V0e−λφ
and V0 and λ are constants. This choice is motivated by the
autonomous system, as we shall see soon. For a homoge-
neous field φ ≡ φ(t) in an expanding universe with FLRW
metric with scale factor a≡ a(t), the equation of motion is
φ˙(φ¨ +3Hφ˙ +V ′(φ)) = 0, (7)
where the prime denotes derivative with respect to φ .
The interaction between the quintessence field with DM
enters in the right-hand side of Eq. (7).
In the presence of matter and radiation, the Friedmann
equations for the scalar field are
H2 =
1
3
(
φ˙ 2
2
+V (φ)+ρm+ρr
)
, (8)
H˙ =−1
2
(
φ˙ 2+ρm+
4
3
ρr
)
, (9)
and the equation of state becomes
wφ =
pφ
ρφ
=
φ˙ 2−2V (φ)
φ˙ 2+2V (φ)
. (10)
We are now ready to proceed to the dynamical analysis
of the system.
4 Autonomous system
The dimensionless variables are defined as
x≡ φ˙√
6H
, y≡
√
V (φ)√
3H
, z≡
√ρr√
3H
,
λ ≡−V ′V , Γ ≡ VV
′′
V ′2 . (11)
The dark energy density parameter is written in terms of
these new variables as
Ωφ ≡ ρφ3H2 = x
2+ y2, (12)
so that Eq. (8) can be written as
Ωφ +Ωm+Ωr = 1, (13)
3where the matter and radiation density parameter are defined
by Ωi = ρi/(3H2), with i = m,r. From Eqs. (12) and (13)
we have that x and y are restricted in the phase plane by the
relation
0≤ x2+ y2 ≤ 1, (14)
due to 0≤Ωφ ≤ 1. The equation of state wφ becomes
wφ =
x2− y2
x2+ y2
, (15)
and the total effective equation of state is
we f f =
pφ + pr
ρφ +ρm+ρr
= x2− y2+ z
2
3
, (16)
with an accelerated expansion for we f f <−1/3.
4.1 Interaction Qρφ
The dynamical system for the variables x, y, z and λ with
the interaction proportional to ρφ is
dx
dN
=−3x+
√
6
2 y
2λ −
√
6
2 Q(x
2+ y2)− xH−1 dHdN , (17)
dy
dN
=−
√
6
2
xyλ − yH−1 dH
dN
, (18)
dz
dN
=−2z− zH−1 dH
dN
, (19)
dλ
dN
=−
√
6λ 2x(Γ −1) , (20)
where
H−1
dH
dN
=−3
2
(
1+ x2− y2+ z
2
3
)
. (21)
4.1.1 Critical points
The fixed points of the system are obtained by setting dx/dN=
0, dy/dN = 0, dz/dN = 0 and dλ/dN = 0 in Eq. (17)–(20).
When Γ = 1, λ is constant the potential is V (φ) = V0e−λφ
[63, 64].2 The fixed points are shown in Table 1. Notice that
y cannot be negative and recall that Ωr = z2.
The point x f is
x f =
−3+Qλ−λ 2+
√
Q2(λ 2−12)−2Qλ (λ 2−9)+(λ 2−3)2
2
√
6(Q−λ ) . (22)
The eigenvalues of the Jacobian matrix were found for
each fixed point in Table 1. The results are shown in Table
2, where the eigenvalues µ f± are
2The equation for λ is also equal zero when x = 0 or λ = 0, so that λ
should not necessarily be constant, for the fixed points with this value
of x. However, for the case of dynamical λ , the correspondent eigen-
value is equal zero, indicating that the fixed points is not hyperbolic.
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Fig. 1 Phase plane for the fixed point (f) with λ = 1 and Q= 1/4.
µ f± = 14{−12+
√
6x f (−2Q+3λ )
±[48(Q−λ )λ +96√6x3f (−Q+λ )
+6x2f (−24+4Q2+28Qλ −31λ 2)
+8
√
6x f (9λ +2λ 3−2Q(3+λ 2))]1/2} (23)
The fixed point (a) describes a radiation-dominated uni-
verse and in order to the fixed points be real and Ωφ satisfy
the nucleosynthesis bound ΩBBNφ < 0.045 [87] we should
have λ > 20
√
2
3 andQ≤ 9λ
2−800
9λ . The eigenvalues were found
numerically. For λ = 10 and the the upper limit for the inter-
action (Q= 10/9) we get the eigenvalues µ1 =−0.7+2.1i,
µ2 =−0.7−2.1i and µ3 = 1, so this critical point is a saddle
point. Similar results are found for other values of λ and Q.
Both points (b) and (c) also describe the radiation era and
are unstable or saddle points. The eigenvalues µ2 and µ3 of
the point (b) can be either positive or negative, depending on
the values of λ and Q. On the other hand, the first eigenvalue
µ1 is always positive. The same happens with the eigenval-
ues of the point (c) and in this case the interaction must be
Q >
√
2 for the fixed points be real and Q > 20/(3
√
3) for
ΩBBNφ < 0.045.
The matter-dominated universe is described by the sad-
dle point (d) and also by the point (e), provided that Q is
sufficiently large for the latter case. Whatever the value of
the interaction all eigenvalues of the point (e) cannot be si-
multaneously negative.
The last fixed point (f) is an attractor and it describes
the dark-energy dominated universe if either λ ≤ √2 and
Q< λ or λ >
√
2 and −2λ+λ
3
4+λ 2 ≤Q< λ . The real part of the
eigenvalues are negative for these range of values, thus the
fixed point is stable or stable spiral. Its behavior is illustrated
in Fig. 1, where we plot the phase plane with λ = 1 and
Q= 1/4.
The allowed values of λ and Q, for the fixed points (a),
(c) and (f), are shown in Fig. 2. From the figure we see that
the fixed points (a) and (f) do not have common regions.
4Point x y z wφ Ωφ we f f
(a) 2
√
6
3λ
2
√
2Q+λ√
3λ 2(λ−Q)
√
1− 4(λ−4Q)λ 2(λ−Q) 13
(
1− 4Qλ
)
4
λ (λ−Q)
1
3
(b) 0 0 1 − 0 13
(c) −
√
6
3Q 0
√
1− 2Q2 1 23Q2 13
(d) 0 0 0 − 0 0
(e) Q±
√
Q2+6√
6
0 0 1 x2e x
2
e
(f) x f
√
1+ x2f −
√
2x f λ 0
−3+√6x f λ
3+6x2f−
√
6x f λ
1+2x2f −
√
2
3 x f λ −1+
√
2
3 x f λ
Table 1 Critical points (x, y and z) of the Eqs. (17)–(19) for the quintessence field with interaction Qρφ . The table shows the correspondent
equation of state for the dark energy (15), the effective equation of state (16) and the density parameter for dark energy (12).
Point µ1 µ2 µ3 Stability
(a) see the main text saddle
(b) 1 3−√6Q 3−
√
6
2 λ saddle or unstable
(c) 1−
√
2
Q 1+
√
2
Q 2− λQ saddle or unstable
(d) − 32 32 − 12 saddle
(e) 12
(
2+Q
(
Q±
√
6+Q2
))
1
2
(
6+Q
(
Q±
√
6+Q2
))
1
2
(
6+(Q−λ )
(
Q±
√
6+Q2
))
saddle or unstable
(f) −2+
√
3
2 x f λ , µ f+ µ f− stable
Table 2 Eigenvalues and stability of the fixed points for the quintessence field with interaction Qρφ .
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Fig. 2 Allowed regions ofQ, for the fixed points (a) (yellow), (c) (blue)
and (f) (red).
Therefore, the sequence of cosmological eras (radiation
→ matter→ dark energy) is reached considering the transi-
tion: (b) or (c)→ (d) or (e)→ (f).
4.2 Interaction Q(ρφ +ρm)
The dynamical system for the variables x, y, z and λ with
the interaction proportional to ρφ +ρm is
dx
dN
=−3x+
√
6
2 y
2λ −
√
6
2 Q(1− z2)− xH−1 dHdN , (24)
dy
dN
=−
√
6
2
xyλ − yH−1 dH
dN
, (25)
dz
dN
=−2z− zH−1 dH
dN
, (26)
dλ
dN
=−
√
6λ 2x(Γ −1) , (27)
where
H−1
dH
dN
=−3
2
(
1+ x2− y2+ z
2
3
)
. (28)
All equations above but the first one are identical to the
previous case.
4.2.1 Critical points
As before fixed points of the system are obtained by setting
dx/dN = 0, dy/dN = 0, dz/dN = 0 and dλ/dN = 0 in Eq.
(24)–(27). The fixed points are shown in Table 3, where
wφe =
λ 2
(
λ 2−3−
√
12Qλ +(λ 2−3)2
)
3
(
λ (λ +2Q)+3−
√
12Qλ +(λ 2−3)2
) . (29)
The eigenvalues of the Jacobian matrix were found for
each fixed point of the Table 3. The results are shown in
Table 4, where
µe1 =
1
4
(
λ 2−5−√µ) , (30)
5Point x y z wφ Ωφ we f f
(a) 2
√
6
3λ
2
√
6Q+λ√
3λ 2(λ+3Q)
√
λ (λ+3Q)−4
λ (λ+3Q)
λ
3λ+12Q
4((λ+4Q)
λ 2(λ+3Q)
1
3
(b) 0 0 1 − 0 13
(c) −
√
6
9Q 0
√
1− 29Q2 1 227Q2 13
(d) 3x3d −3xd −
√
6Q= 0 0 0 1 x2d x
2
d
(e) 3+λ
2±
√
12Qλ+(λ 2−3)2
2
√
6λ
√
x2e − (
√
6/3)xeλ +1 0 wφe
λ 2+2Qλ+3−
√
12Qλ+(λ 2−3)2
2λ 2
(
λ 2−3−
√
12Qλ+(λ 2−3)2
)
6
Table 3 Critical points (x, y and z) of the Eqs. (24)–(26) for the quintessence field with interaction Q(ρφ +ρm). The table shows the correspondent
equation of state for the dark energy (15), the effective equation of state (16) and the density parameter for dark energy (12).
µe2,e3 = 18λ 2 (3λ
4+3λ 2(5−√µ) (31)
±√2(λ 2(−72(−3+√µ))
−6Qλ (7λ 2−48+8√µ)
+λ 2(λ 4−63− (3+λ 2)√µ))1/2)
and
µ = 12Qλ +(λ 2−3)2. (32)
The point (a) describes a radiation-dominated universe
and in order to the fixed points be real and Ωφ satisfy the
nucleosynthesis bound ΩBBNφ < 0.045 [87] we should have
20
√
2
3 < λ <
40
√
6
9 and Q ≤ 9λ
3−800λ
27λ 2−3200 or λ ≥ 40
√
6
9 for any
value of positive Q. The eigenvalues were found numerically
and similarly to the case of the previous section, the fixed
point is a saddle point for the allowed values of λ .
The radiation era is also described by the points (b) and
(c). They are saddle points and for (c) the interaction must be
Q≥ 20
√
3
27 in order not to conflict the nucleosynthesis bound.
The matter-dominated universe can be described by the
point (d) but only if the interaction is zero, which in turn is
known in the literature [35].
The fixed point (e) can describe the current stage of ac-
celerated expansion of the universe for some values of Q and
λ . The critical points are real with 0 ≤ Ωφ ≤ 1 and we f f <
−1/3 for 0 < λ ≤ √2 and 0 < Q ≤ λ or for λ > √2 and
λ 2−2
3λ < Q≤ λ . For these ranges of λ and Q the real part of
the eigenvalues are negative, so the point is stable or stable
spiral. The attractor point has Ωφ = 1 and wφ = we f f =−1
for Q= λ .
Therefore, both radiation and dark-energy-dominated uni-
verse can be described by the fixed points, however, none of
them represent the matter era.
5 Conclusions
In the light of the linear dynamical systems theory we have
studied coupled quintessence with dark matter with two dif-
ferent interactions: i) proportional to the energy density of
the dark energy ρφ and ii) proportional to the sum of the two
energy densities ρm+ρφ . The results presented here enlarge
the previous analysis in the literature, wherein the interac-
tion has been only proportional to the energy density of the
dark matter. In the case i) the transition of cosmological eras
is fully achieved with a suitable sequence of fixed points. In
the second case either radiation era or dark energy era can be
described by the fixed points, but not the matter-dominated
universe. Therefore, the second interaction does not provide
the cosmological sequence: radiation→ matter→ dark en-
ergy. This is not the first time that an interaction proportional
to the sum of the energy densities leads to cosmological dis-
asters. A phenomenological model with that coupling suf-
fers early-time instability for wd >−1, as shown in [79, 80].
Further analysis for high redshifts and different coupling are
summarized in [60].
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